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Abstract — A proposed first step in replicating the computa-

tional methods used in the brain’s neocortex is the development 

of a feedforward computing paradigm based on temporal rela-

tionships among inter-neuron voltage spikes. A “space-time” 

algebra captures the essential features of such a paradigm. The 

space-time algebra supports biologically plausible neural net-

works, as envisioned by theoretical neuroscientists. It also sup-

ports a generalization of previously proposed “race logic”.  A 

key feature of race logic is that it can be directly implemented 

with off-the-shelf CMOS digital circuits.  This opens the possi-

bility of designing brain-like neural networks in the neurosci-

ence domain and implementing them directly in the CMOS dig-

ital circuit domain. 

Keywords-temporal neural networks, spiking neurons,space-

time algebra, race logic 

I. INTRODUCTION 

For over a decade, a grand challenge posed to computer 
researchers has been to understand, and eventually replicate, 
the way the brain computes – “reverse-engineer the brain”, 
so to speak [22][25][26] [40].  Despite its universally recog-
nized importance, computer researchers in general, and 
computer architects in particular, have made little progress 
toward this goal.  In fact, theoretical neuroscientists have as-
sumed leadership in developing biologically plausible neural 
computing architectures.   

The challenge needn’t be addressed in strictly neurosci-
entific terms, however.  In this paper, a new computing 
model, which includes an important class of neuroscientific 
models, is developed from the computer architecture per-
spective. Rather than being based on principles of  binary 
logic, however, it is a radically different model based on 
temporal principles.  

Ultimately, we would like to construct large scale cogni-
tive systems capable of a broad range of brain-like activities 
and possessing many of its very desirable features: high effi-
ciency, flexibility, and the ability to learn dynamically, 
quickly, and simultaneously with operation.  Given this am-
bitious long-term goal, a proposed first step is to understand 
the basic computing paradigm(s) at the same level, say, as 
binary combinational logic.  That is, to develop an algebra 
that encompasses feedforward neuron-like computation.    

This is only a first step because feedforward networks 
alone are probably insufficient for engineering the large 
scale future systems we desire.  Nevertheless, understanding 
and designing such feedforward networks is a milestone of 
critical importance. By analogy, when designing conven-
tional computers, we first conceive of functions as combina-

tional blocks, to which we add structured, clock-based syn-
chronization.  

  This paper is directed at an important class of biologi-
cally-based neural network models being studied by theoret-
ical neuroscientists. Biological neurons communicate via 
voltage pulses, or spikes. The particular spiking neural mod-
els of interest here convey and process information via pre-
cise spike timing relationships measured across multiple 
communication paths – in contrast to the classical approach 
of using spike rates measured on individual communication 
paths.  This paper makes the following three contributions. 

First, a proposed “space-time” algebra captures the es-
sential features of the spiking neural networks we are target-
ing. The algebra is intended to model the passage of time 
among inter-operating spatial computing elements (e.g., neu-
rons).  Hence, time is modeled as an unbounded sequence of 
non-negative values, and all implemented functions must 
satisfy constraints that are consistent with the forward flow 
of time. 

Second, the paper illustrates how spiking neuron models, 
as envisioned by neuroscience researchers, can be imple-
mented using the primitives of the proposed space-time al-
gebra. This construction and modeling approach has the 
look-and-feel of conventional computer design methods and 
is very different from the neuroscience approach of discre-
tizing real-valued numerical models. 

Third, potential applications of space-time algebra may 
be much broader than spiking neural networks. It is shown 
that space-time algebra also supports a generalization of 
race logic [31].  A key feature of race logic is that it can be 
directly implemented with off-the-shelf CMOS digital cir-
cuits.  Digital circuits aren’t used for processing logic val-
ues, however. Rather, they process temporal values: the 
times of signal transitions (edges).  An important implication 
is that we may eventually be able to design cognitive sys-
tems in the spiking neural network domain, and then, by rep-
resenting temporal events as level transitions rather than 
spikes, implement them directly using off-the-shelf CMOS. 

II. BACKGROUND 

Cognitive functions, the ones of interest here, are per-
formed in the brain’s neocortex – the deeply folded, 3 mm 
thick outer layer that is prominent in drawings and photo-
graphs of the brain’s exterior. Computation in the neocortex 
is performed by a huge number of interconnected neurons, 
organized as a hierarchical layering of columns, each col-
umn containing many tens of neurons [39]. 



 

 

This section briefly describes the modeling of individual 
neurons and then turns to models of neural computation.  
Next is a taxonomy of neural networks. In terms of the tax-
onomy, the networks of interest here are Temporal Neural 
Networks (TNNs) – networks where information is encoded 
and processed via precise spike timing relationships.  At the 
end of the section is a summary of prior research in spiking 
neuron models and TNN architectures.   

A. Neuron Modeling 

According to the more-than-century-old neuron doctrine 
[56], the neuron is the fundamental element for structure and 
function in the brain’s neocortex.  A neuron is a specialized 
cell that consists of a body surrounded by a membrane.   

Interconnected neurons communicate via voltage pulses 
or spikes. The neuron’s body is fed through inputs – den-
drites, and it has an output – the axon, which branches out 
and is connected to the dendrites of many other neurons. A 
synapse is at the connection point between an axon and a 
dendrite.  A single neuron has thousands of synapses at-
tached to its dendrites, connecting it to thousands of axons 
driven by upstream neurons. 

Although it has long been commonly-held that precise 
spike timing relationships may somehow encode information 
and support neural computation [1][50], Maass [32] formal-
ized such a spiking neuron model and analyzed its functional 
capabilities.  He considered feedforward networks com-
posed of model neurons illustrated in Fig. 1. This is essen-
tially a version of the Spike Response Model 0 (SRM0) de-
veloped by Kistler et al. [30]. 

In the model neuron, input spikes produce output spikes 
in the following way: 1) Each input spike (xi) is first delayed 
by some amount (δi). 2) A synaptic weight (wi) determines 
the amplitude of a generated response function.  Response 
functions model the change in the neuron’s body potential 
due to ions flowing through a conceptual synaptic gate 
swung open by the incoming spike. The greater the synaptic 
weight, the wider open the gate swings, and the higher the 
response function’s amplitude. 3) The individual response 
functions are summed (integrated), yielding the total body 
potential. 4) When, and if, the body potential exceeds a 

threshold value , an output spike (y) is produced.  Fig. 2 il-
lustrates and describes two example response functions.  

Nomenclature: researchers commonly use the general 
term “Leaky Integrate-and-Fire” (LIF) to characterize a ra-
ther broad class of neuron models [2][16][49][52]. The 
SRM0 model with response functions similar to those given 
in Fig. 2 belongs to the general class of LIF neurons.  

The response functions illustrated in Fig. 2 exhibit the 
behavior of inputs being driven by excitatory neurons. Ex-
citatory neurons are capable of precisely repeatable opera-
tion, and their axons can reach both near and far. 

Inputs coming from inhibitory neurons, sometimes re-
ferred to as “interneurons”, have response functions with a 
negative polarity, thereby reducing a receiving neuron’s 
body potential.  Inhibitory neurons tend to interoperate with 
virtually all other neurons in the same local volume and ap-
pear to function collectively, thereby applying a “blanket” of 
inhibition [27] that temporarily dampens all (or nearly all) 
nearby excitatory activity. 

Synaptic weights help determine a given neuron’s overall 
function.  Through a training process, commonly occurring 
temporal spike patterns are learned and recorded as patterns 
of synaptic weights.  Subsequently, when a spike pattern 
similar to a learned pattern is applied to the neuron’s inputs, 
the synaptic weights all yield strong responses, and the neu-
ron emits an early output spike.  If an applied pattern is dis-
similar to all learned patterns, the neuron emits a late spike 
or no spike at all, depending on how dissimilar it is. 

A biologically-based model for synaptic weight training 
is Spike Timing Dependent Plasticity (STDP) [4][35][38].  
The rationale and operation of STDP is typically summa-
rized as follows.  If the input spike from an upstream neuron 
precedes the output spike of the downstream neuron, then it 
contributes to the occurrence of the downstream neuron’s 
spike, so its influence is enhanced in the future by increasing 
that input’s synaptic weight. On the other hand, if the input 
spike occurs after the downstream neuron’s output spike, it 
had nothing to do with generating the downstream neuron’s 
spike so its influence is diminished in the future by decreas-
ing its synaptic weight.  Eventually, all the weights converge 
to values that collectively characterize input spike patterns. 
This process is described well in [37]. 

Low resolution communication and computation, as em-
bodied in spike times and synaptic weights, are an essential 
aspect of the neuron models considered here.  Hopfield [23] 
describes a plausible processing regime in which inhibitory 
gamma oscillations divide excitatory processing into inter-
vals of approximately 5-20 msec. (See experimental results 
summarized by Fries et al. [15].)  Other carefully-controlled 
experiments indicate that excitatory neuron spiking behavior 
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Figure 1.  Spike Response neuron model.  Input spikes pass through 

weighted synapses which produce response functions.  Response 

functions from all inputs are summed, and an output spike is generated 

if/when the body potential crosses a threshold value. 
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Figure 2.  Two response functions. a) Biologically-based biexponential 

response function that is the difference of two exponential decays.  The 

faster decay models the decrease in synaptic conductance that follows the 

sudden increase caused by an input spike; the slower decay models 

membrane leakage. b) Piecewise linear approximation of biexponential 

response studied by Maass [32]. 

 



 

 

is reliably reproducible to within 1 msec [34].  Taken to-
gether, these results suggest a spike time precision of about 
1 msec can be maintained over an interval of 5 - 20 msec. 
This yields roughly 2 to 4 bits of temporal resolution. 

Synaptic weight resolution is closely coupled to temporal 
resolution, because synaptic weights help determine output 
spike times.  Intuitively, given that spiking input and output 
temporal resolution are no more than 4-bits, there is little to 
be gained by having weights with resolutions that are much 
higher. Hopfield [23] makes an observation along these 
lines.  Pfeil et al. [43] discuss weight discretization and reso-
lution in the context of neuromorphic implementations and 
conclude that, for a class of  plausible STDP models, 4 bits 
of resolution are sufficient for accurate modeling. 

B. Neural Networks 

Broadly speaking, there are two hypothesized methods 
for inter-neuron communication and processing: spike rates 
as measured on individual communication lines and precise 
spike-time relationships measured across multiple lines (for 
an example, the reader may look ahead to Fig. 5).  Call these 
methods “rate coding” and “temporal coding”.   

Neural networks can be arranged in a simple taxonomy 
based on usage of rate coding and temporal coding (Fig. 3).  
The taxonomy divides neural networks into three categories. 

1) Artificial Neural Networks (ANNs) originally sprang 
from the rate theory.  In this taxonomy, ANNs are defined 
very broadly: the only restriction is that computed values are 
confined to a limited range (just as rates would be).  By this 
definition, any of the conventional machine learning meth-
ods based on an inner product (inputs • weights) followed by 
an activation function is an ANN. 

2) Rate-based Neural Networks (RNNs) implement 
communication and computation at the spike level, yet sup-
port a rate-based computing model.  Examples include 
Spaun [14], spiking neuron implementations that rely on 
conventional ANNs for synaptic weight training [12][42], 
and memristor-based designs [45].  

3) Time-based Neural Networks (TNNs) support a tem-
poral-based computing model and implement communica-
tion and computation at the spike level. Examples are dis-
cussed at length in Section II.C. 

Strong experimentally-based arguments support a tem-
poral theory.  See [50] for an early, and frequently-cited, ev-
idence-supported argument.  Later work [54] summarizes 
further supporting evidence. Brette [8] provides an enlight-
ening discussion of the philosophy behind both the rate and 
temporal theories; he concludes: “... the rate-based view ap-
pears as an ad hoc methodological postulate, one that is 
practical but with virtually no empirical or theoretical sup-
port.”  In this paper, a temporal-based approach is taken; the 
focus is on TNNs. 

Maass [32] applied the term “Spiking Neuron Network” 
(SNN) to a class of networks that use spike times to encode 
information (as TNNs do).  However, RNNs also use spik-

ing neurons in their implementation.   Consequently, over 
time, both TNNs and RNNs have become lumped together 
as “SNNs”.  This is unfortunate because they support two 
completely different computing models: rate-based and tem-
poral-based. 

An informal test to distinguish RNNs and TNNs: Do in-
terconnection lines carry at most one spike during a given 
feedforward computation?  If so, it is most likely a TNN.  
Or, must each line carry at least two spikes (the minimum to 
establish a rate) during a given feedforward computation?  If 
so, it is most likely an RNN.  

C. Computing with Temporal Neural Networks 

A number of research efforts are aimed at constructing 
TNNs that perform cognitive computational tasks.  These ef-
forts target pattern clustering and classification problems, 
similar to the ones addressed by conventional machine 
learning.   

Most proposed TNNs employ a simple synapse model as 
illustrated in Fig. 1.  Generally speaking these TNNs employ 
integrate-and-fire neurons, training is via biologically plau-
sible STDP, and inhibition is via a bulk winner-take-all 
(WTA) strategy, where the first spike produced by a group 
of neurons inhibits all the other spikes; i.e., only the “win-
ner” survives.  

The STDP mechanism for model excitatory neurons is 
described by Guyonneau et al. [20][21]. That work also 
clearly articulates and demonstrates the basic principles of 
computation using temporally coded spiking neurons. 

Subsequent work [36][37][48][51][53] yields neural ar-
chitectures that appear superficially similar to hierarchical, 
layered ANNs. However, compute nodes implement a tem-
poral spiking paradigm, rather than an inner-product-and-
squash paradigm.   In much of this work, simple, non-leaky 
excitatory neuron models are used.  Inhibition is via WTA.  
SpikeNet [11] is a large scale network simulator based on 
these principles.  

To illustrate the scale of architectures being developed 
by neuroscience researchers, Fig. 4 is a relatively simple ex-
ample due to Bichler et al. [5], which uses an LIF neuron 
model coupled with a special form of STDP to track car tra-
jectories on a freeway. Input sensors use Address-Event 
Representation (AER), an efficient way of transmitting 
sparse spike timing information [13]. 
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Figure 3.  Neural network taxonomy based on theory and implementation 

method. The class of networks in this paper, TNNs, use a temporal theory 

and spike implementation. 



 

 

Recent spiking neural architectures, which arguably de-
fine the state-of-the art for TNN models, are given in 
Kheradpisheh et al. [28][29]. This work pushes in the direc-
tion of multiple excitatory neuron layers (however, by deep 
ANN standards, the implemented networks remain relatively 
shallow.) Related work by Wysoski et al. [55] uses an inte-
grate-and-fire neuron model to construct an ambitious hier-
archical bimodal system that combines both auditory and vi-
sion pathways.  

In 1995, Hopfield [23] observed that multiple synaptic 
paths connecting the same two neurons provide a powerful 
means for encoding temporal information.  Call this a com-
pound synapse model. Hopfield suggests ways compound 
synapses might be used for achieving behavior roughly simi-
lar to classical radial basis functions (RBFs)[9].  Gerstner et 
al. [17] make similar suggestions. 

RBF-like functionality based on multipath connections 
was later explored by Natschläger and Ruf [41].  The main 
idea behind RBF neurons is that compound synaptic connec-
tions are similar to tapped delay lines. Training determines a 
pattern of selected delays. For training, Natschläger and Ruf 
use a version of STDP which stretches biological plausibil-
ity perhaps, but retains the important localized-training 
property. Bohte et al. [6] extend this work by refining the 
training method, extending it to multiple layers, and identi-
fying multiple clusters. In a later paper [7], Bohte et al. take 
training in a different direction by proposing error back-
propagation, a global training method similar to those used 
in conventional artificial neural networks.  This method has 
been further enhanced [46]. 

The tempotron model, proposed by Gütig and Sompolin-
sky [18], is an SRM0 model with biexponential response 
functions. Its tempotron training rule uses supervised, yet 
localized, STDP-based training – labels are a primary input 
to the training process.  Gütig et al. [19] apply the tempotron 
to model the retina.  Zhao et al. [57] use tempotron neurons 
to construct a system which combines the AER signaling 
convention, with a TNN classifier.  It uses what is essential-
ly WTA inhibition and consists of a single layer of excitato-
ry neurons, with one neuron assigned to each class. 

Liquid State Machines [33][44] are based on the same 
principles as TNNs: temporal encoding and spiking neuron 
models.  However, they contain feedback established via 
pseudo-random interconnection patterns.  Although they are 
not feedforward TNNs, the theory in this paper may poten-
tially be extended to include them. 

III. SPACE-TIME NETWORKS 

In this paper, we are interested in computing paradigms 
implemented as a feedforward network of functional blocks.  
Communication and computation is based on the timing of 
temporal events.  In the specific context of TNNs, the tem-
poral events are spikes transmitted between neurons.  Hence, 
the following discussion is phrased in terms of voltage 
spikes, although other ways of communicating via temporal 
events can be used (Section V). 

A. Communication 

In Fig. 5, a vector of information is encoded as a volley 
of discretely-timed spikes. Spikes are shown on timelines as 
dark vertical bars. In this example, values are simply encod-
ed as times relative to the time of the first spike in the volley 
(tmin).  The first spike encodes the value 0, and successive 

spikes encode values relative to 0.  The symbol “” denotes 
the case where there is no spike on a given line. In the ex-

ample, the encoded vector is [0, 3, , 1]. 
This is an energy-efficient communication method. If 

time can be resolved to n bits (2n time values), a vector can 
be communicated with an efficiency of slightly less than one 
spike per n bits of communicated information. (Slightly less 
because one of the lines always carries a value of 0.)   As n 
grows large, energy-efficiency improves proportionately. 
Sparse codings, where most lines carry no spike, further im-
prove energy efficiency. 

Counteracting this effect, as n is increased, the total time 
to send a message grows exponentially (2n).  Because of this 
exponential time growth, the method appears practical only 
for very low resolution data (3 or 4 bits), corresponding to 
communication times of 8 to 16 time intervals per message 
(volley).  But, very low resolution data is okay.   As de-
scribed earlier, the biological neocortex operates on low 
resolution data.     

 

Figure 4.  TNN studied by Bichler et al. [5].  Lateral inhibition is 

implemented as a WTA function. 
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Figure 5.  A spike volley consists of spikes occurring at discrete time 

intervals. 



 

 

B. Computation Overview 

Fig. 7 is a block diagram of a temporal computing net-
work. Input values are first encoded as spike volleys. Com-
putation then proceeds as a single wave of spikes sweeps 
forward (left-to-right) through the network.  Each line car-
ries at most one spike during a given computation. 

Each functional block (e.g., a neuron) is initially quies-
cent.  It begins computing at the time the first spike of a vol-
ley arrives, and it produces an output spike at a time that de-
pends solely on observed input spikes (or it may produce no 
output spike).  The only information a functional block re-
ceives is input spike times viewed from its local frame of 
reference; there is no other coordinating or synchronizing 
mechanism. 

Essentially all the proposed TNN models (surveyed ear-
lier in Section II.C) are feedforward, spike-based computing 
networks as just described.  Consequently, the formal model 
laid out in the next section is targeted at such TNN models; 
however, as will be discussed later, the model encompasses 
much more than conventional TNNs. 

C. Space-Time Computing Networks  

Although feedforward computing networks have multi-
ple input signals and multiple output signals, discussion here 
assumes a single output without losing generality. We begin 
with the defining features of space-time functions.   

Spikes are assigned values which may be interpreted as 
times in a discretized timeline. In order to model points in 

time, define the set


0N to consist of 0, the natural numbers, 

and the special element “”, which models the situation 
where there is no spike on a given communication line. The 

symbol “” has defined properties typically associated with 

infinity.  That is:  > n and  + n =  for all n  N0.   

Definition: A function z = F(x1...xq),  x1...xq , z 


0N , is a 

Space-Time Function if it satisfies the following properties.   
1) computability: F implements a computable total function. 

2) causality: For all xj > z, F(x1...,xj,...xq) = F(x1...,,...xq),  

and if z  , then z ≥ xmin . 

3) invariance: F(x1 + 1, ..., xq + 1) = F(x1,..xq) + 1.   

The three properties are very general. The first requires 
that the function be physically implementable and produce 
an output for all inputs. The other two properties are con-
sistent with the uniform passage of time. Causality: if we 
apply a spike-based interpretation, then an output spike can 
only be affected by input spikes that occur at the same time 
or earlier.  Furthermore, there are no spontaneous output 
spikes.  Invariance: if all input spike times uniformly shift 
by unit time, then the output spike time does as well.  Invari-
ance naturally extends to any constant number of time shifts. 

Definition: A Space-Time Computing Network is a feed-

forward interconnection of space-time functional blocks.   
Lemma 1: All space-time computing networks imple-

ment space-time functions. 
Outline of proof: Begin with a topological sort of the di-

rected graph implied by the feedforward composition of 
functional blocks.  Then, prove by induction on the se-

quence of blocks in the topological sort.     
As a consequence of Lemma 1, if we start with a basic 

set of space-time functions, spiking neurons, for example, 
then any TNN constructed with these basic functions im-
plements a space-time function. We are not required to use 
spiking neuron models as primitives, however.  Other, even 
simpler, primitives may also be used for constructing space-
time computing networks, as the following example illus-
trates. 

Example.  Three primitive functional blocks that satisfy 
causality and invariance are shown in Fig. 6a.  The incre-
ment function (+1) emits an output spike 1 time unit after an 
input spike.  This can be generalized to adding any constant 

c by stringing together c incs. The min function () emits an 
output spike at the same time as the first-arriving input 
spike.  The lt  function (≺) emits an output spike at the same 
time as input spike a iff a arrives earlier than input spike b.  
Otherwise, no output spike is emitted.  Fig. 6b is a small ex-
ample network with spike times shown. 
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Figure 7.  A feedforward computing network that operates on values 

encoded as spike timing relationships. Due to causality, spike times are 

monotonic increasing from inputs to outputs. Computed results emerge at 

the network’s output, also in the form of spike timing relationships.  These 

may be decoded into output values as shown here, or they may be passed 

on to other networks in their encoded form.  
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Figure 6.  a) Three primitive functional blocks that satisfy causality and 

invariance. b) A small example network composed of these primitive 

blocks. 

 



 

 

D. Formal Space-Time Algebra 

The space-time (s-t) algebra provides a mathematical 
structure for modeling the relationships between events oc-
curring in linear, discretized time. 

Definition: The s-t algebra is a bounded distributive lat-

tice S = (


0N ,  ,, 0, ∞ ).  S consists of a bottom element 0, 

a top element , and the natural numbers. S is well-ordered 

and is closed under addition.   

S is not complemented.  However, by definition,  and  

are distributive, associative, commutative, idempotent, and 
satisfy the absorption laws. For constructing s-t computing 
networks, we are interested in primitive functions defined 
over the s-t algebra.  For this purpose, we will use the max 

(), min (), lt (≺), and inc (+1) functions. 

E. Bounded Space-Time Functions 

Definition: A Bounded Space-Time Function z = 
F(x1...xq) is a space-time function further restricted to a 
bounded amount of history. That is, there is a finite k, such 

that for any xj < xmax - k, F(x1..,xj,..xq) = F(x1..,,..xq), where  

xmax  is the largest non- element of {x1..,xj,..xq}.   
When combined with causality, the bounded history re-

striction effectively says that a functional block can only 
look at a finite (size k) window  of past input history to de-
termine its output value. This guarantees that a practical 
neuron implementation contains only a finite amount of 
state. Considering the low resolution of  biologically plausi-
ble neurons, a realistic neuron model needs to track a spike 
time window 8 to 16 time units wide, at most. 

F. Normalized Function Tables 

One way of specifying bounded s-t functions is to use a 
function table, analogous to a Boolean truth table. Fig. 7 is a 
small example. The table shown is in normal form. A table 
is normalized if 1) at least one input in each row is a 0 and 

2) the output is not .   All normalized inputs that yield a 

non- output have an entry in the table. Observe that it fol-
lows from the bounded history requirement that a normal-
ized function table must have a finite number of entries. 

An important observation is that although a normalized 
function table contains only a finite number of rows, it spec-

ifies a total function over the infinite set


0N due to the invar-

iance property.  Given a normalized table, to compute the 
output for an arbitrary unnormalized input vector, one 
should first normalize the input vector by subtracting xmin 
from each element.  If the normalized vector is in the table, 
then xmin should be added to the corresponding table entry to 
yield the output value. If the normalized entry is not in the 

table, then by definition the output is .   
For the example in Fig. 7, if given the unnormalized in-

put  [3, 4, 5], we first normalize by subtracting the smallest 
value (3 in this case) to yield [0, 1, 2 ].  The table entry at 
[0, 1, 2] is 3.  Therefore, due to invariance, the function’s 
value at [3, 4, 5] is 6.  (We subtracted 3 to get the normal-
ized inputs, so 3 is added to get the final value.) 

G. Functional Completeness 

From this point forward, discussion is restricted to 
bounded s-t functions. Consideration of functional com-
pleteness begins with a lemma, followed by the main com-
pleteness theorem. 

Lemma 2: The max function can be implemented using 
only min and lt functions. 

Proof:  by construction (Fig. 8).  Three cases are: case 1: 
a < b ;  case 2: a = b; case 3: a > b.   At each point in the 
network, the value for each of the three cases is given in pa-
renthesis.  At the network output c  ̶  case 1: c = b if a < b. 
case 2: c = a = b if a = b. case 3: c = a if a > b . Hence, c = 

max(a, b). (Thanks to Cristóbal Camarero)  
Theorem 1: The min, increment, and lt primitives are 

functionally complete for the set of bounded s-t functions. 
Proof summary: The proof is by construction of a 

minterm canonical form. Space restrictions do not allow a 
full proof; a summary and illustrative example are given. For 
convenience, the max function is used (Lemma 2). 

Row j of the bounded function table corresponds to 
mintermj. A minterm is implemented via a max function and 
a min function whose outputs are combined by an lt function 
(refer to Fig. 9).  In the implementation of mintermj, every 
input xi is incremented by constant δij , where δij  = yj - xi.  
For example minterm1, inputs [x1, x2,  x3] = [0, 1, 2] and the 
output y1 = 3.  Consequently, the increments δi1 are [3, 2, 1].   

The δij are defined so that only the one input pattern ex-

actly matching the corresponding mintermj yields a non- lt 
result: the value yj. For that input pattern only, the max func-
tion yields a value less than the value computed by the cor-
responding min function, thereby allowing the row’s output 
value  yj to pass through. 

The case where one of the minterm inputs xi =  is illus-
trated by minterm2 in Fig. 9.  In this example, x3 is fed di-
rectly to the min function.  If a value applied to x3 is greater 

x1 x2 x3 y 

0 1 2 3 

1 0  2 

2 2 0 2 

Figure 7. A normalized function table having three inputs (xi ) and one 

output (y).   
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than the minterm’s output (2 in this example), it has no ef-
fect.  If it is less than or equal to the minterm’s output, it 

forces the minterm to  (there is no match). 
The final min function produces output y by combining 

the lt outputs from all the mintermj, corresponding to all ta-
ble rows j.  In Fig. 9, the applied input is [0, 1, 2], and the 
corresponding values are shown.  All minterms except [0, 1, 

2] evaluate to , and [0, 1, 2] evaluates to 3.    

IV. CONSTRUCTING TNNS 

Theorem 1 states that all bounded s-t functions can be 
implemented with min/lt/inc primitives.  The TNNs studied 
by theoretical neuroscientists implement bounded s-t func-
tions.  So, an immediate corollary is that all the TNNs can 
be implemented using only the s-t primitives.  To emphasize 
this point, in this section commonly-used TNN components 
are constructed using only the primitives.  Included are im-
plementations of SRM0 neurons, WTA inhibition, and pro-
grammable synaptic weights. 

These implementations serve two purposes: to illustrate 
s-t computation as a general proposition and to provide a ba-
sis for TNN simulation and/or direct hardware implementa-
tion.  However, it should be kept in mind that there is no re-
quirement that these specific implementations be used.  Any 
spiking neuron functions that satisfy the s-t constraints can 
be used for constructing TNNs.  Of course, this includes the 
models used in the neuroscience literature. 

A. SRM0 Neurons 

1) Bitonic Sorting Networks 
Generally speaking, sort is an important function on its 

own, and, as is shown here, sort may be used as a building 
block network for constructing s-t neuron models. 

First observe that sort is causal and invariant.  When 
numbers are sorted from smallest to largest, the position of 
any given number in the sorted list depends only on the loca-
tions of smaller or equal numbers.  Any larger numbers are 
irrelevant in determining its location in the sorted list.  Sort 
is invariant because adding a constant to all the inputs does 
not change the sorted order, and the sorted outputs have the 
same added constant. 

A bitonic sorting network [3] is constructed using two-
input, two-output compare elements, each consisting of a 
min function and a max function (see Fig. 10).  Because it 
uses only min and max elements, which are both causal and 
invariant, the entire sorting network must be causal and in-
variant (Lemma 1). 

2) Modeling Response Functions 
A response function R(t) maps the non-negative integers 

onto the integers.  Informally, the only constraints are 1) af-
ter finite time (tmax) the response function reaches a fixed 
value c and never changes, and 2) R ranges between fixed, 
finite maxima and minima, rmin and rmax . These very broadly 
defined response functions include discretized versions of 
all proposed response functions of which the author is 
aware. 

As an example, Fig. 11 (left) is a discretized low resolu-
tion version of the biexponential response function. For this 
response function, tmax = 12, c = 0, rmin = 0, rmax = 5. 

R(t) may be defined to follow a positive curve (for exci-
tation) or negative curve (for inhibition).  R(t) serves as the 
starting point for constructing an s-t network that takes a 
value (spike time) as input and generates a set of increment-
ed (delayed) values as outputs.  These output values capture 
the specified behavior of the response function in s-t form, 
as described in the following paragraphs. 

Although a neuron has many inputs, first consider the re-
sponse function for a single input, x. Due to its discrete na-
ture, the response function’s amplitude at any given time can 
be expressed as an integer number of amplitude units (either 
positive or negative).   By sequencing from t = 0 to t = tmax, 
the response function can be represented as a sequence of up 
steps and down steps.  Each “step” is a single discrete ampli-
tude unit.  

Accordingly, to construct the response function for input 
x, the input x is fanned out, with increment values placed on 
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Figure 9.  Example of minterm canonical form for function table given 

in Fig. 7. If input [0, 1, 2], corresponding to minterm1 is applied, the 

resulting network values are shown.  
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the fanned-out lines. The fanouts are divided into up fanouts 

and down fanouts.  For each t,  1  t  tmax, define n = R(t) - 
R(t-1); for the case t = 0, define n = R(0).  If n is positive, 
then fan x out n times to the up fanout network; each of the 
fanouts is assigned an associated inc value of t.  If n is nega-
tive, then fanout n times to the down fanout network, each of 
the fanouts is assigned an associated inc value t. 

Fig. 11 (right) illustrates the fanout/increment network 
for a biexponential response function. The function takes 
two up steps at t = 1, two more up steps at t = 2, a single up 
step at t = 5, then a series of down steps at t = 5, 7, 8, 10, 12.   

3) Modeling Integration and Firing 
Given all the input response functions implemented as s-t 

fanout networks, the remainder of the SRM0 neuron model 
is constructed as shown in Fig. 12.   

The inputs to two sort networks are the fanned-out 
up/down increment values  (denoted generically in the figure 
as “u” and “d”) for all xi. Collectively, these specify the re-
sponse behavior for all the primary inputs.  The up steps are 
sent to one sort network, and down steps are sent to the oth-
er. After sorting, the two sets of sort network outputs are 
combined via a series of lt blocks.  The lt blocks determine 

whether the time of the  + ith up step occurs before the ith 

down step.  If so, the non- value of the   + ith up step is 
the input to the final min function.  Otherwise, the input val-

ue to the final min function is . The min function’s output 
is therefore the first time the number of up steps exceeds the 

number of down steps by the amount , i.e., first time the 

threshold is crossed.  If it is never crossed, the output is  . 
As described above, a bitonic sort network can be con-

structed using only interconnected min and max functions, 
so the neuron model as a whole is constructed using only s-t 
primitives.  

B. Implementing Synaptic Weights 

In a typical neuron model, synaptic weights determine 
response functions, which determine an individual neuron’s 
function, and, consequently, the overall neural network’s 
function. In TNNs, synaptic weights are typically estab-
lished via a process where inputs from a training set are ap-
plied and weights are adjusted to reflect patterns inherent in 
the training inputs.  Training methods used in TNNs may ei-
ther be biologically plausible, based on spike timing rela-

tionships (e.g., STDP[28][37]), or they may be transferred 
from conventional machine learning (e.g., error back propa-
gation[7] ). 

After training, the learned synaptic weights become part 
of a neuron’s function definition.  In a sense, an untrained 
network is configured, or programmed, depending on the 
weight settings.  

Considering potential applications beyond TNNs, pro-
grammability or configurability may be desirable in more 
general s-t networks.  Hence, following is a primitive mech-
anism that supports general configurability as well as im-
plementing synaptic weights in TNNs. The primitive config-
uration/programming mechanism is conceptually an ena-

ble/disable switch. In Fig. 13, a micro-weight   input to an 

lt function is configured to either 0 or  prior to a s-t com-

putation.  If input  = 0, then the output z of its associated lt 

is , regardless of the input x. If input  = , then the x in-
put value passes through to the output of the lt.  

In the context of spiking neuron models with trained 
synaptic weights, response functions can be implemented 
with micro-weight-enabled fanout/increment networks. Say 
we have a spiking neuron with n possible response functions 
which are identified via n different synaptic weights.  In the 
low resolution models envisaged here, n may be 8 or fewer.   
We can then design an input fanout/increment network con-
trolled via micro-weights so that each synaptic weight maps 
to specific micro-weight settings which, in turn, yield the de-
sired response function. Determining the micro-weight set-
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Figure 12.  SRM0 implementation using s-t primitives. 
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Figure 11.  Biexponential response function and corresponding s-t 

fanout network. 
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Figure 13.  A micro-weight µ either enables input x (by setting µ = ) 

or it disables input x (by setting  = 0). 

 



 

 

tings may be done via a training process, or, in general, the 
settings may be determined by any other means. 

For example, the network shown in Fig. 14 implements a 
set of four response functions, having four different ampli-
tudes corresponding to a range of synaptic weights. Synaptic 
weights are set via micro-weights µ1 through µ4.  To set the 

synaptic weight to 3, for example, µ1, µ2, µ3 = , and µ4 = 0. 

C. Inhibition: Winner-Take-All Networks 

The models discussed thus far are used primarily for ex-
citatory neurons.  Inhibitory neurons are typically modeled 
differently: as tightly-connected networks that operate en 
masse [27].  In the neuroscience literature, inhibitory net-
works often implement a form of WTA lateral inhibition.  In 
the case of TNNs, the “winners” are the first spikes in a vol-
ley, so winner-take-all inhibits all but the first spikes.  In 
general, what is meant by “first” may be parameterized.   It 
may the first k spikes, or the spikes that appear within some 
time window beginning with the first, or some combination. 

Fig. 15 is the implementation of a simple 1-WTA net-
work where only the spikes occurring at relative time 0, are 
allowed to pass; all the others are inhibited.  The min gate 
finds the time of the first spike(s), and that time, delayed by 
1 time unit, inhibits all the others.   In general, a designer 
can widen the time window of uninhibited spikes by increas-
ing the delay value to τ, thereby implementing τ -WTA. 

D. Section Summary 

In this section, 1) SRM0 neurons with arbitrary response 
functions were constructed from the s-t primitives. 2) Synap-
tic weights were implemented through micro-weight net-
works.  3) An implementation of WTA lateral inhibition was 
given. Together, these three basic components underpin es-
sentially all TNNs described in the neuroscience literature. 

V. GENERALIZED RACE LOGIC 

TNNs implement the s-t algebra via spikes that mark 
points in time. Race Logic (RL) [31] is an alternative s-t im-
plementation that uses transitions in voltage levels (edges). 
RL is implemented with conventional digital CMOS and us-
es the times of logic level transitions for encoding and pro-

cessing information. RL, as proposed by Madhavan et al. 
[31], is a feedforward interconnection of logical AND gates, 
OR gates, and delay elements.  Information is encoded as 
the times of logic level transitions.  Among other things, 
Madhavan et al. illustrate an RL method for finding the 
shortest path in an acyclic, weighted graph.  

In the next section, it is shown that generalized race logic 
(GRL) yields a complete implementation of s-t algebra.  The 
implication is that the functionality of TNNs can be imple-
mented directly with off-the-shelf CMOS circuits. 

A. GRL Primitives Defined 

Communication in GRL is via 1→ 0 transitions in logic 
levels. The s-t primitives, implemented with conventional 
logic gates, are shown in Fig. 16.  Note that the lt implemen-
tation contains a simple latch at its output.  The latch assures 
that once the output transitions to 0, it never transitions back 
to 1 if/when the lt input (b in this case) transitions at some 
time after the a input transitions.  The reset input initializes 
the lt latch to 1 prior to each feedforward computation. 

B. Modeling the Flow of Time 

Following the method of Madhavan et al., GRL delays 
(s-t increment functions) are implemented by inserting series 
of clocked flipflops (forming shift registers) so that a single 
clock cycle demarks idealized unit time.  

Note that the clock signal is not part of the neuron model 
per se; rather, it is used as an ancillary mechanism for im-
plementing precise unit delays associated with the increment 
function.  Furthermore, to faithfully model the zero-delay 
nature of the gate primitives (min, max, lt), the implemented 
clock cycle may be made long enough to cover all inter-
shift-register wire and gate delays. 

A disadvantage of shift register delay elements is that 
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Figure 14. Modeling a range of synaptic weights. In this example, the 

range is 0 to 4. Synaptic weights are determined via a vector of micro-

weights [ µ1, µ2, µ3, µ4]. 
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Figure 15. Winner-take-all network. Only the first spikes pass through 
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Figure 16.  GRL implementations of four s-t algebra primitives.   

 



 

 

energy consumption may increase significantly due to the 
clocked shift registers.  Further research is required to quan-
tify, and perhaps minimize, this effect. 

One might also consider a more direct form of GRL that 
relies on implementing precise physical delays, say in the 
wires or intentionally inserted non-clocked delay elements. 
This approach would have to account for individual gate la-
tencies as well. 

Conjecture: Regardless of the way delays are physically 
implemented, an essential aspect of the s-t paradigm is that 
the passage of physical time (whether measured with a shift 
register or any other way) must be an integral part of an im-
plementation in order to achieve the full energy efficiency 
and performance benefits.   

C. Direct TNN Implementations 

A direct TNN implementation, whether in silicon or in 
biological neurons, literally uses transient temporal events 
for communication and computation. This is essentially a 
unary encoding method. In contrast, an indirect implementa-
tion, as one might use in a simulator, may encode times as 
binary numbers.  This is essentially conversion of a direct 
unary representation to an indirect binary representation.  As 
noted earlier, a direct unary implementation is only practical 
for low resolution data.  An indirect implementation is prac-
tical for much higher resolution data, if one is so inclined.  

Neuromorphic neural network implementations [24] are 
direct methods based on silicon circuits that communicate 
via voltage spikes, literally.  The motivation is that such 
neuromorphic implementations may achieve some of the 
same efficiencies as biological neurons. As proposed in this 
section, however, spiking silicon circuits are not the only di-
rect method for implementing s-t functions (and TNNs): 
GRL is another.  The only difference is that GRL uses edges 
rather than spikes.  And, more importantly, GRL can be im-
plemented with off-the-shelf digital circuits.   In effect, one 
may be able achieve the advantages of a direct neuromor-
phic implementation without the need for specialized silicon 
circuits. It remains a topic for future research to quantify the 
merits of spike-based vs. edge-based neuromorphic circuits. 

VI. CONCLUDING REMARKS 

In this paper, a simple computing model and algebra are 
proposed.  The space-time model includes all TNNs, includ-
ing the biological one that we all possess – assuming the 
temporal coding hypothesis! Its simplicity is evident in that 
min/inc/lt are sufficient for implementing all the s-t func-
tions. Although simple, this model runs counter to the way 
we normally think about computing in the following ways.  

1) The s-t model deals with time in a completely differ-
ent way than we normally do. When we construct comput-
ers, we remove the passage of physical time from the com-
puting model. Conventional synchronous networks and de-
lay-independent asynchronous networks are two ways of do-
ing this.  In contrast, with s-t computing, the passage of time 
is an essential part of the model.  In effect, the time it takes 
to communicate a value is the value, and the time it takes to 
compute a value is the value. 

Evolution has shown itself to be a very clever engineer 
across a broad range of biological systems. And, it seems 
compelling that a clever engineer  might use the flow of 
physical time as a resource because it possesses some ulti-
mate engineering advantages: the flow of physical time is 
free (it happens whether we like it or not), it requires no 
space, and it consumes no energy. 

2) We humans appear to have a strong affinity to addi-
tion and multiplication as primitives for thinking about and 
describing almost any algorithm (including conventional 
machine learning algorithms). However, neither of these 

preferred arithmetic primitives is invariant; (a+1) + (b+1)  

(a+b+1) and  (a+1)*(b+1)  (a*b+1) 
It is the author’s experience that reasoning about s-t 

functions does not come naturally.  Look no further than the 
non-obvious proof of Lemma 2. Logical reasoning about 
space seems to be much easier for us than reasoning about 
time [10]. It may take some effort to develop an intuition 
that is useful for guiding s-t design. 

3) The s-t primitives are incomplete with respect to all 
multi-valued functions.  They are complete only with respect 
to s-t functions.  In contrast, when we develop a discrete al-
gebra, we seem to prefer to make it complete with respect to 
all possible functions, not just a proper subset of possible 
functions (as in the s-t case). 

Observe that in most algebras, some unary operation 
akin to inversion, complementation, or negation is present.  
In an s-t algebra, however, such operations are tantamount 
to time flowing backwards. Hence, such operations are not 
present in the s-t algebra, and, consequently, the algebra is 
not complete for all functions. 

4) Space-time computing networks are only practical for 
very low resolution direct implementations. 

Contrast this with the development of digital computer 
systems.  The numerical operations (addition and multiplica-
tion) are ubiquitous, and there has always been a push to-
ward supporting higher resolution data; e.g. from 32-bit to 
64-bit floating point.   If we were forced to use 3-bit or 4-bit 
data values (always), it would upend most of the algorithms 
currently in use. 

There are two important, fundamental aspects of s-t 
computing that have only been hinted at in this paper. 

1) Energy Efficiency: It is conjectured that direct s-t im-
plementations possess intrinsically high energy efficiency.  
When GRL is implemented in CMOS, transistors undergo 
either a single switch or none at all  (however, they must be 
reset prior to the next computation).  Furthermore, if one us-
es sparse spike codings, many of the signals undergo zero 
transitions during any given computation. This minimal-
transition property appears to be intrinsic to direct imple-
mentations of s-t functions, and the minimal-transition prop-
erty strongly suggests high energy efficiency. 

2) Emergence: It is conjectured that the uniform passage 
of global time is a key element of the highly emergent be-
havior present in TNNs using STDP-trained neurons 
[28][29]. All training and evaluation is done locally at each 
neuron.  Yet, large assemblies of neurons work collectively 



 

 

to compute coherent global results.  The passage of global 
time may serve as a wire-less, energy-less synchronization 
mechanism. Causality and invariance ensure that the uniform 
passage of global time is properly modeled.  

Whether or not the neocortex operates according to s-t 
computing principles is yet to be definitively determined. 
However, if the neocortex does operate according to s-t 
principles (and a significant group of neuroscientists believe 
so), then developing s-t computing methods, although chal-
lenging, may be a significant step toward eventually “re-
verse-engineering the brain”.  
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